
Diametrically complete sets

The existence of nontrivial curves of constant width was already
known to Euler. They have since become an active subject of study,
appearing in many different contexts and having surprising applica-
tions in different areas of mathematics and engineering.

L. Euler, De Curvis Triangularibus, Acta Acad. Sci. Imp. Petropol. (1778), 3–30.



A finite dimensional bounded closed convex set C is said to be of
constant width λ if the distance between any two parallel supporting
hyperplanes of C equals λ. In an infinite dimensional Banach space
X , the definition takes the following form:

sup f (C)− inf f (C) = λ .

for every f ∈ X∗, ‖f‖ = 1.
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The Austrian commemorative 
5 Euro is a Reuleaux polygon, 
and therefore a shape with 
constant width. 



The notion of diametrically complete set (also known as diametri-
cally maximal set) was introduced at the beginning of last century
by Meissner, as a generalization of constant width sets. A set C in
a metric space is diametrically complete (or briefly complete) if the
addition of any point to the set increases the diameter:

x /∈ C ⇒ diam(C ∪ {x}) > diamC .

In Euclidean space, the two notions are equivalent. In arbitrary
Minkowski spaces, every convex body of constant width is complete,
but not conversely (except in dimension two), as first shown by Eggle-
ston.

E. Meissner, Über Punktmengen konstanter Breite. Vierteljahresschr. naturforsch. Ges. Zürich 56 (1911).
H. G. Eggleston, Sets of constant width in finite dimensional Banach spaces, Israel J. Math. 3 (1965).
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It is not difficult to find Minkowski spaces where the only bodies of
constant width are the balls of the space, whereas in every Minkowski
space there are so many complete sets that every bounded set is
contained in a complete set of the same diameter (called a completion
of the set, which usually is not a ball). For this reason, in general
Minkowski spaces the study of complete sets replace the study of
bodies of constant width in Euclidean space.



Euclidean Space: It has received considerable more attention in the
past than the other lines. A proof is the more than 260 items cited
in the authoritative survey by Chakerian and Groemer (1983). The
survey by Heil and Martini contains a complet account up to 1993.

Minkowski Spaces: Initiated with the works of Eggleston in the
mid-1960s, it has been an active line of research since then: Sallee,
Chakerian, Groemer, Martini, Papini, Schneider,...

Banach Spaces: It was only in the middle 1980s that the first papers
dealing with the subject in the infinite dimensional setting appeared.
Berhends, Harmand, Payá, Rodriguez-Palacios, Papini, Phelps,...

G. D. Chakerian & H. Groemer, Convex bodies of constant width, in Convexity and its Applications,
P. M. Gruber and J. Wills, Eds, Birkhäuser. (1983).

E. Heil and H. Martini, Special convex bodies, in Handbook of Convex Geometry, Vol. A,
P. M. Gruber and J. Wills, Eds., North-Holland (1993), 347–385.

H. Martini and K. J. Swanepoel, The geometry of Minkowski spaces – a survey. Expo. Math. 22 (2004).



Spaces of continuous functions are in the core of several areas of
mathematics such as functional and real analysis, differential equa-
tions and infinite-dimensional topology.

If K is any compact Hausdorff space, the space C(K) consists of
all real-valued continuous functions f : K → R under the sup norm
‖f‖ = maxt∈K |f (t)|.
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C(K) spaces have a particularly simple, though nontrivial, class of
convex bodies, the intervals. By an interval in C(K) we mean a set
of the form

[f, g] := {h ∈ C(K) : f ≤ h ≤ g},

where f, g : K → are bounded functions. Since the functions f, g
defining [f, g] are in general not elements of C(K), this notion of in-
terval is more general than that of the usual order intervals in partially
ordered vector spaces.

An interval  [f,g] 
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Eggleston observed that a set C with diamC = d is diametrically
maximal if and only if it satisfies the spherical intersection property,
that is, if and only if

C = ∩x∈C(x + dB)

where B is the (closed) unit ball. As a consequence, having a man-
ageable characterization of convex bodies which are intersection of
balls in C(K) will be of great help for later work. A closed, convex
and bounded set A ⊂ C(K) is a nonempty intersection of balls if
and only if there are f, g : K → R lower and upper semicontinuous
functions, respectively, such that

A = [f, g]

Such a pair f, g is called an admissible pair.
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A is an intersection of balls  



Let f : K → R be bounded. For x ∈ K ′, the set of accumulation
points of K, we use the definitions

f (x) = lim inf
y→x

f (y) = sup
U∈U(x)

inf
y∈U\{x}

f (y),

f (x) = lim sup
y→x

f (y) = inf
U∈U(x)

sup
y∈U\{x}

f (y),

where U(x) denotes the system of neighbourhoods of x. Since real
functions on K are continuous at each isolated point of K, it will be
consistent in the following if for each isolated point x of K we define

f (x) = lim inf
y→x

f (y) = f (x) = lim sup
y→x

f (y) = f (x) (1)

and then in the statements do not distinguish between accumulation
points and isolated points.



We recall that a bounded function f : K → is lower semiconti-
nuous (in the following abbreviated by l.s.c.) if

f ≥ f

(here and in the following, such relations between functions are meant
pointwise). Equivalent to this is each of the following conditions:

(a) For each x ∈ K and each real r < f (x) there is a neighbourhood
U of x with r < f (y) for all y ∈ U .

(b) For each real r, the set {x ∈ K : f (x) ≤ r} is closed.

The function f is called upper semicontinuous (abbreviated by u.s.c.)
if the function −f is lower semicontinuous. The counterparts to con-
ditions (a) and (b) are obvious, and f is u.s.c. if and only if

f ≤ f.



Theorem. Constant width sets in C(K) are balls.

Theorem. The set C ⊂ C(K) is complete if and only if there is
an admissible pair f, g such that C = [f, g] and

g(t)− f (t) = diam C

whenever f and g are continuous at t.

C 

C  is complete but it has no 

constant width 

f 

g ( 

j 

) 

diam C 

K 

M., Papini and Phelps, Diametrically maximal and constant width sets in Banach spaces, Canad. J. Math., 58
(4), 2006, 820–842.
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Every interval has a representation [ϕ, ψ] with an u.s.c. function ϕ
and a l.s.c. function ψ. If the interval is nonempty, then ϕ ≤ ψ,
and ϕ and ψ are uniquely determined. To see this, we define, for any
nonempty bounded set A ⊂ C(K), the functions

bA := inf{α : α ∈ A}, tA := sup{α : α ∈ A}. (2)

Note that bA is u.s.c. and tA is l.s.c. If ξ ∈ A, then bA ≤ ξ ≤ tA. If
A = [f, g] is a nonempty interval, then f ≤ α ≤ g for all α ∈ A and
hence f ≤ bA ≤ tA ≤ g, which gives A ⊂ [bA, tA] ⊂ [f, g] = A and
thus A = [bA, tA].

We say that [f, g] is an interval in canonical representation if f is
u.s.c., g is l.s.c. and f ≤ g. An interval in canonical representation
is not empty.

H. Tong, Some characterizations of normal and perfectly normal spaces, Duke Math. J. 19 (1952), 289-292.



Theorem. If [f, g] and [ϕ, ψ] are intervals in canonical represen-
tation, then

[f, g] + [ϕ, ψ] = [f + ϕ, g + ψ] . (∗)

The above formula was proved previously for the case f, g continuous
functions and ϕ, ψ arbitrary bounded functions. The more general
result in this direction is

Theorem. Let f, g, ϕ, ψ : K → R be bounded functions such that
[f, g] 6= ∅ and [ϕ, ψ] 6= ∅. Then (∗) holds if and only if

(g + ψ)∧ − (f + ϕ)∨ = g∧ + ψ∧ − f∨ − ϕ∨.

M., Semicontinuous functions and convex sets in C(K) spaces, J. Aust. Math. Soc. 82 (2007), 111-121.
M. and Schneider, Some geometry of convex bodies in C(K) spaces, J. Math. Pures Appl. 103 (2015), 352-373.



Theorem. Every summand of an interval in C(K) is an interval.

For the proof, let [ϕ, ψ] ⊂ C(K) be an interval, and let C,D ⊂
C(K) be convex bodies with C + D = [ϕ, ψ]. The inclusions

C ⊂ [bC, tC ], D ⊂ [bD, tD]

are trivial. Then it is proved that

[bC + bD, tC + tD] ⊂ [ϕ, ψ]

and, finally, C = [bC, tC ] and D = [bD, tD].

In general, every interval different from a singleton has a non-trivial
summand, that is, one which is not homothetic to it.



Suppose, first, that [f, g] is an interval in canonical representation,
that h ∈ [f, g] and that [f, h] is homothetic to [f, g]. This means
that there exist λ ∈ R and ξ ∈ C(K) such that

[f, h] = λ[f, g] + ξ = [λf + ξ, λg + ξ] .

Since canonical representations are unique, this gives f = λf + ξ,
h = λg + ξ and, therefore, h = (1 − λ)f + λg, necessarily with
λ ∈ [0, 1]. If [f, g] contains two functions differing at least in two
points, then with the aid of Urysohn’s lemma one can construct a
function h ∈ [f, g] which is not of this form. With such a function h,
the interval [f, h] is not homothetic to [f, g] and

[f, h] + [0, g − h] = [f, g]

showing that [f, h] is a non-trivial summand of [f, g].



Sets with non-trivial summands are called decomposable. A con-
cept that is related to decomposability is the following: a compact
convex set P , symmetric about the origin, is called reducible if there
is another compact convex set Q, not symmetric about any point,
such that P = Q − Q; otherwise P is irreducible. Replacing com-
pact by bounded and closed, we can consider reducible convex sets in
Banach spaces.

Proposition. In C(K) the unit ball [−1, 1] is irreducible.

Indeed, suppose that

[−1, 1] = Q−Q .

We know that Q = [f, g], where [f, g] can be assumed to be in
canonical representation. Then also −Q = [−g,−f ] is in canonical



representation, hence

Q−Q = [f − g, g − f ]

It follows that g = f + 1, which implies that Q is symmetric; thus
the unit ball is irreducible. In particular, this provides an easy proof
that in C(K) spaces, the only sets of constant width are balls (recall
that K is a set of constant width if and only if

K −K = B ,

where B is the unit ball of the space). In the case of C(K), we can
write directly K − K = B since summands of the unit ball are
intervals, whose Minkowski addition is again an interval and hence a
closed set.

Paya, Rodŕıguez-Palacios, Banach spaces which are semi-L-summands in their biduals, Math. Ann. 289
(1991), 529-542.



For a set A ⊂ X of diameter d > 0, its wide spherical hull is

η(A) =
⋂
x∈A

B(x, d) ,

and its tight spherical hull is defined by

θ(A) =
⋂

x∈η(A)

B(x, d) .

Under different names, the mappings η and θ have been studied in
various contexts together with the ball hull β(A), namely the inter-
section of all balls containing A.

M. and Schneider, Continuity properties of the ball hull mapping, Nonlinear Anal. 66 (2007), 914–925.
M. and Schneider, Lipschitz selections of the diametric completion mapping in Minkowski spaces, Adv. Math.
233 (2013), 248-267.



Our present interest in these maps stems from the fact that they
lead to the Maehara set

µ(A) =
1

2
(η(A) + θ(A))

that contains A and has diameter d. The set µ(A) has been called
the Maehara set of A, since Maehara has shown for Euclidean spaces
that µ(A) is of constant width and hence a completion of A. The
same result for reflexive Banach spaces with a generating unit ball
was proved by Polovinkin.

Proposition. All Maehara sets in C(K) are complete if and only
if K is Stonean.

Maehara, Convex bodies forming pairs of constant width, J. Geom. 22 (1984), 101–107.

Polovinkin, Convex bodies of constant width Dokl. Math. 70 (2004), 560–562.

M. and Schneider, Some geometry of convex bodies in C(K) spaces, J. Math. Pures Appl. 103 (2015), 352-373.



Recall that a closed convex set in a Banach space is called generating
if any nonempty intersection of translates of the set is a summand of
the set. For sufficiently smooth strictly convex sets in a reflexive
Banach space, a criterion for the sets to be generating was developed
by Ivanov. There seems to be no previous study about generating
sets in non-reflexive Banach spaces.

Theorem. C(K) has a generating unit ball if and only if K is a
Stonean space.

Theorem For a convex body C ⊂ C(K), TFAE

(a) C is a summand of the unit ball.

(b) C = [f, g] where f, g ∈ C(K) and ‖f − g‖∞ ≤ 2.

(c) C is the intersection of two translates of the unit ball.

Ivanov, A criterion for smooth generating sets (in Russian). Mat. Sb. 198 (2007), 51–76; English translation
in Sb. Math. 198 (2007), 343–368.

M. and Schneider, Some geometry of convex bodies in C(K) spaces, J. Math. Pures Appl. 103 (2015), 352-373.


